This paper presents a theoretical study of transient ultrasonic guided waves generated by concentrated heating of the outer surface of an infinite anisotropic hollow circular cylinder. Generalized thermoelastic theory proposed by Lord and Shulman is adopted to model the dynamic thermoelastic behavior of the cylinder. The concentrated heat source model used is to represent heating due to a pulsed laser beam, which is focused on the outer surface of the cylinder. A semi-analytical finite element (SAFE) method is employed to evaluate guided wave modes in the cylinder. Using integral transform techniques, the modal wave forms are obtained in frequency and wave number domains. Time histories of the propagating modes are then calculated by applying inverse Fourier transformation in the time domain. Numerical results showing the dispersion curves for the group velocities of the propagating modes and transient radial displacements are presented. For this purpose it is assumed that the cylinder is made of transversely isotropic silicon nitride (Si 3 N 4 ). Attention is focused on the propagation characteristics of longitudinal and flexural modes separately.
Introduction
In recent years, laser based ultrasonic techniques have found wide use for material properties characterization and NDE for electronic and high temperature applications. These techniques not only overcome the difficulty of using piezoelectric transducers on curved complex surfaces but also provide a number of advantages over conventional ultrasonic methods, such as noncontact generation and detection of waves having a large bandwidth, and ability to operate away from hot and corrosive environment (see Scruby and Drain, 1990) . White (1963) demonstrated that elastic waves can be generated by irradiating a surface by concentrated laser beams. Since then significant research has been done on laser ultrasonics theoretically and experimentally. Most of these works treat the problem as isothermal with the heat source replaced by equivalent surface forces (or force couples).
The classical theory of heat conduction equation is a parabolic partial differential equation, which predicts an infinite speed of thermal wave. This assumption of infinite speed of heat is contrary to physical phenomenon. To rectify this paradox, several generalized theories of thermoelasticity have been proposed. Lord and Shulman (1967) (LS) presented a generalized theory of thermoelasticity which takes into account the finite speed of thermal wave by inclusion of a thermal relaxation time. Green and Lindsay (1972) (GL) developed a temperature -rate dependent theory that included two relaxation times and Green and Naghdi (1993) (GN) introduced a thermoelasticity theory without energy dissipation. Spicer et al. (1990) studied laser ultrasonic waves in a thin plate theoretically and experimentally to compute the elastic moduli and the plate thickness. Rayleigh-Lamb waves in plates using the Lord-Shulman theory have been discussed by Datta and Shah (2009) . References to many other works can be found in this book (see also, Sharma et al., 2000; Verma, 2002; Verma and Hasebe, 2001; Al-Qahtani and Datta, 2004; Al-Qahtani et al., 2005; Xu et al., 2008) .
Compared to many studies that have dealt with plates there is a very limited amount of reported work on waves in cylinders using generalized thermoelastic theories. Dispersion of longitudinal thermoelastic wave propagation in a circular isotropic cylinder was studied by Erbay and Suhubi (1986) , who considered the cylinder surface to be stress -free and at a constant temperature. Elnagar and Abd-Alla (1987) studied the influence of the initial stress on the Rayleigh wave propagation in a generalized 0020-7683/$ -see front matter Ó 2011 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr.2011.06.023 thermoelastic cylinder. Three dimensional vibration of a homogeneous transversely isotropic thermoelastic cylindrical panel has been investigated by Sharma (2001) and Sharma and Sharma (2002) . Recently, wave propagation in a thermoelastic cylinder of an arbitrary cross section has been reported by Ponnusamy (2007) , who used a collocation method to study the dispersive waves.
Circumferential isothermal elastic waves in an isotropic cylinder generated by a laser pulse and their scattering by a surface defect was studied experimentally by Clorennec and Royer (2003) . Pan et al. (2004 Pan et al. ( , 2006 ) investigated theoretically and experimentally the isothermal acoustic waves generated by a laser point pulse in an isotropic and a transversely isotropic cylinder, respectively. Three dimensional Fourier transforms were used to find the dynamic displacements at the cylinder surface. Jiangong et al. (2010) studied circumferential thermoelastic waves in an orthotropic cylindrical curved plates using GN theory of thermoelasticity.
The objective of the present paper is to study, using the LS theory, transient thermoelastic waves in an anisotropic cylinder excited by a pulsed laser beam. The emphasis here is on propagation of longitudinal and flexural wave modes that are generated by the laser pulse. Many previous studies of ultrasonic waves in plates have shown that the propagating modes can be used to characterize their anisotropic properties (see Datta and Shah, 2009, Chapter 4) . Recently, Gsell et al. (2000) and Gsell and Dual (2004) have used guided wave modes in composite hollow cylinders to measure the anisotropic properties of the material. Guided modes have also been used to analyze scattering by circumferential defects in a hollow cylinder (see Datta and Shah, 2009 , Chapter 5 and references therein.) As mentioned above, our attention is focused here on the characteristics of the guided modes generated by a concentrated heat source modeling a laser pulse.
A semi-analytical finite element (SAFE) method was employed earlier by Chitikireddy et al. (2010) to obtain the guided thermoelastic wave modes in free cylinders. These modes are used here to construct the frequency response functions due to the laser excitation. Zhuang et al. (1999) studied steady state Green's functions for isothermal composite cylinders due to point loads with SAFE method. In this paper, we study the general problem of transient thermoelastic waves due to a concentrated heat source. Numerical results are presented for dispersion curves, frequency displacement response spectra and transient wave forms. The latter are obtained by converting the continuous frequency spectrum using an inverse Fourier transform. The characteristics of propagating longitudinal and flexural modes are discussed.
For purposes of illustration numerical results are presented for a silicon nitride (Si 3 N 4 ) tube. Amorphous and textured Si 3 N 4 has been widely studied in the past for its excellent mechanical properties, such as, high resistance to thermal shock and chemical attack, high fracture toughness, and good tribological and wear properties. A good review of the processing and anisotropic properties of silicon nitride for various automotive, electronic and aerospace applications can be found in Zhu and Sakka (2008) (see also, Kitayama et al. (1999) , Vogelgesang et al. (2000) , and Yokota and Ibukiyama (2003) ). Si 3 N 4 nanorods and nanotubes have been studied in recent years (Lin et al., 2005) .
Theoretical formulation
Consider an infinite, homogeneous, transversely isotropic cylinder of inner radius r i and outer radius r o in the cylindrical coordinate system (r, h, z) as shown in Fig. 1 . The generalized LS governing equations of thermoelasticity, in the presence of body force and heat source, are given by Al-Qahtani et al. (2005) as,
Various physical quantities and material constants appearing in the above equations are: r ij , the components of the stress tensor; u i , the components of the displacement; e ij , the components of the strain tensor; C ijkl , the elastic constants; q i , components of the heat flux vector; q, the mass density; T 0 , the reference temperature; g, the entropy density; T, the temperature change; c E , the specific heat at constant deformation; s 0 , the thermal relaxation time; b ij , the thermal coefficients; k ij , the coefficients of thermal conductivity; f i , the body force per unit volume; Q, the heat source. In the above equations, the superposed dot indicates the derivative with respect to time. The following nondimensional quantities will be defined as
In the sequel, two more nondimensional quantities are defined: the wave number k ⁄ = kH and frequency x Ã ¼ xH v . Here q;
k; c; H and T are the basic normalization quantities and the rest could be derived from them as shown above. Note that, q; k; c and T can be taken suitably depending upon the material properties of the cylinder. This non-dimensionalization scheme yields all dimensionless equations in the same form as their dimensional counterparts. Therefore, this normalization could be used to solve multilayer structures also.
Using Eqs. (1)- (5), the equations governing coupled thermoelastic deformations can be written as Writing these equations in terms of the nondimensional quantities defined in (6), we obtain
Here, f Eqs. (9a) and (9b) have to be solved by some numerical techniques for a generally anisotropic medium. In the following, we will use the SAFE method to solve the problem. For convenience, the superscript (*) will be dropped.
Semi-analytical finite element formulation
In this method, the radial dependence of the displacement u and temperature T is approximated by one dimensional isoparametric finite elements. The total thickness of the cylinder H is composed of cylindrical layers and each layer can have distinct thermoelastic properties and thickness. For using the SAFE method, thickness of the cylinder is discretized into N laminas. Quadratic interpolation polynomials are used to approximate the displacement and temperature field over each lamina in the radial direction.
The displacements and temperature of the kth lamina are expressed as uðr; h; z; tÞ ¼ N 1 ðnÞu e ðh; z; tÞ Tðr; h; z; tÞ ¼ N 2 ðnÞT e ðh; z; tÞ ð10Þ 
In Eq. (12), the shape functions are
In Eq. (13), the nodal displacements u rj , u hj , u zj , and temperature T j , where j = 1, 2, 3, are taken at the inner surface (r = R b ), middle layer (r = R m = (R b + R f )/2), and outer surface (r = R f ) of the kth lamina. The strain tensor and temperature gradient are expressed as
Matrices B 1 , B 2 , B 3 , D 1 , D 2 and D 3 are defined in Appendix A. The stress vector is given by
The variational principle of thermoelasticity, Al-Qahtani et al. (2005) , is
The first term in the left hand side of Eq. (18) is 
The second term is
The third term is
The right hand side of Eq. (18) has the form
The element matrices appearing in Eqs. (19)- (22) are defined in Appendix A. Equating the coefficients of du e in Eq. (18) to zero gives the following equation
Similarly, equating the coefficients of dT e in Eq. (18) yields
Combining Eqs. (23) and (24) and assembling the element matrices into global matrices lead to the following governing equations of motion,
where H i (i = 1,2,. . . , 12) are the global matrices, given in Appendix A, V is the global nodal displacement and temperature vector and F is a load vector defined by
Traction free boundary conditions on surfaces of cylinder require that the stresses at inner and outer surfaces of the cylinder are zero
Note that if the thermal terms are dropped in Eq. (25), then the problem reduces to that studied by Zhuang et al. (1999) . Thermal boundary conditions are considered as
Initial conditions are specified as
Thermal boundary conditions imply that heat does not flow into or out of the system via boundaries. 
Substitution of Eq. (29) into (25) yields a system of ordinary differential equations with Fourier coefficients V n in terms of z. For each circumferential wave number (n), we obtain
Following Fourier integral transform pairs are used to treat the zdependence in Eq. (30)
V n ðzÞe Àiknz dz and V n ðzÞ ¼ 1 2p
Application of Fourier transformation to Eq. (30) yields the algebraic equation in terms of the transform parameter (k n )
where (32) is the governing equation for the nth circumferential harmonic in the transformed domain. Note that for a free cylinder without body forces and heat sources the right hand side of Eq.
(32) will be zero. Then, the homogeneous Eq. (32) leads to the eigenvalue problem for the determination of the dispersion relation between the frequency x and the axial wave number k for a fixed circumferential integral wave number n. This was studied by Chitikireddy et al. (2010) . The solution of Eq. (32) will be obtained in the form of an expansion in guided wave modes in the z-direction. For this purpose, we consider the homogeneous equation, which is a three parameter algebraic eigensystem in x, n, and k n . If k n serves as an eigenvalue for given values of x and n, Eq. (32) gives a quadratic eigenvalue problem. Eq. (32) can be converted into two first order equations in the form
If the dimension of the displacement and temperature vector V n is M, then the dimension of U n in Eq. (33) 
The right and left eigenvectors also satisfy bi-orthogonality relations
where diag( ) denotes a diagonal matrix. The eigenvectors can also be partitioned into the following upper and lower halves represented by subscripts u and l, respectively.
The solution of Eq. (33) is expressed by summation of right eigenvectors as
Coefficients U nm are calculated by substituting Eq. (37) into Eq. (33) and using bi-orthogonality relations (35). Then, the solution vector U n is written as
The solution vector V n in Eq. (33), occupying the upper half of U n , takes the form
Inverse Fourier transform of Eq. (39) gives the response, V n (z), of the nth circumferential harmonic in the spatial domain
In many problems, F n ; U L mn ; U R nm and B nm are independent of wave numberk n , so that application of Cauchy residue theorem yields the modal response V n (z) in a straight forward way. The eigen data can be divided into two groups for travelling or decaying modes from the origin in ±z directions, respectively. Therefore, V n (z) can be expressed as summation of motions in positive and negative directions as
The response in the time domain is now obtained by applying inverse Fourier transformation to Eq. (41) and is calculated numerically as V n ðz; tÞ ¼ 1 2p
Heat source representation
The heat input due to the laser pulse is assumed to be of the form
where I 0 is the energy of the laser pulse. The temporal profile f(t) is assumed as f ðtÞ ¼ t t 
where t 0 is the pulse rise time. The spatial profile g z (z) is assumed to have a Gaussian profile in the z-direction,
where a is the radius of the laser beam. The depth dependence, g r (r), of the pulse is taken as, 
where c is the extinction coefficient.
Once the fundamental response functions C(z) are constructed 
In the present work, only the thermal load is considered for constructing the response function. Spatial representation of heat source along the radial profile in frequency domain is
where Q 0 = (Q 1 , Q 2 , . . ., Q k , . . ., Q 2N+1 ) T and Q k is the value of g r (r) at the kth node using consistent load formulation. The solution procedure involves expansion of d(h) in Fourier series. It is well known that the Fourier series representation of d-function does not converge. Hence, it is necessary to replace the point source by a uniform spatial pulse of intensity q 0 over a circumferential distance 2r o h 0 . For equivalence of a unit concentrated source, q 0 is given by
Therefore, the h-dependence of Q in Eq. (48) is represented by Fourier series expansion in circumferential direction as where
The Fourier transform of Q nh in the z-direction is
Since mechanical load is not considered here, the load vector in Eq. (32) becomes
where
Note that Zhuang et al. (1999) considered the isothermal problem due to a mechanical point load. Substitution of Eq. (53) 
where f ðxÞ is the Fourier transform of temporal profile f(t). Eq. (55) is used in the following section to calculate the vector V at a given location (h, z) for different frequency x. Applying inverse Fourier transformation to the above Eq. (55) yields the time transient response. Fig. 3b . Comparison of propagating modes of Beryllium cylinder for n = 1 between SAFE method and analytical method (see Mirsky, 1965 , Fig. 7) . Here, X is nondimensional frequency. Comparison of propagating modes of Beryllium cylinder for n = 0 between SAFE method and analytical method (see Mirsky, 1965, Fig. 6 ). Here, X is nondimensional frequency.
Numerical results and discussion
As noted before, the homogeneous form of Eq. (32) is the dispersion equation governing the guided thermoelastic waves in a cylindrical tube. This problem was studied in details by Chitikireddy et al. (2010) . There, results obtained for the elastic and thermoelastic modes using the SAFE method were compared with those obtained from the exact solution for an isotropic (copper) tube. Excellent agreement was found between both results (see Chitikireddy et al., 2010, Figs. 2-4) . There, it was noted that thermal effects had negligible influence on the elastic modes. This was also found (see Chitikireddy et al., 2010, Figs. 6 and 7) to be true for the transversely isotropic Si 3 N 4 cylinder. In order to validate the SAFE method for an anisotropic tube, results were obtained for a tube made of beryllium, for which Mirsky (1965) presented exact analytical solution in the isothermal case. Figs. 3a and 3b show the comparison between these results and those obtained by Mirsky. The agreement is shown to be excellent. Properties of the beryllium cylinder are given in Appendix B. In the following, the dynamic thermoelastic response of the Si 3 N 4 tube is discussed.
We considered an infinite cylindrical tube with thickness 0.1 mm and inner radius 0.95 mm. Thus, the nondimensional inner and outer radii are, r i = 9.5 and r o = 10.5. The material of the cylinder is taken to be silicon nitride (Si 3 N 4 ), whose properties are listed in (see Al-Qahtani et al., 2005) Table 1 . The symmetry axis of the material is aligned with the axis of the cylinder. The shell is discretized into N equal thickness coaxial circular cylinders, where N is allowed to take different values (15, 25 and 50) in order to check for the convergence of the results.
For the purpose of nondimensionalization, normalizing velocity m is chosen to be 0.25 km/s. Furthermore, the normalized density q ⁄ is taken to be 1. Then, the nondimensional material properties of the tube are given by 
Thus, the thermoelastic coupling terms in Eqs. (9a) and (9b) are not negligible. On the other hand, the thermal conduction terms in Eq. (9b) are small compared to other terms. Nondimensional relaxation coefficient, s Ã 0 , is negligible. Thus, the results presented in the following show that the effect of the relaxation time is insignificant.
The localized heat source is represented by Eq. (43). For the numerical results presented here due to this source, the rise time t 0 in Eq. (44) is taken as 1 ls and the extinction coefficient c appearing in the expression for g r (r) is taken as 10 5 m À1 . The plots of f(t) and g r (r) (r i 6 r 6 r o ) are shown in Fig. 2a . The Fourier transform of f(t) is shown in Fig. 2b . Here, the nondimensional frequency, x Ã ¼ xH= m. Fig. 2b shows that the frequency content of the heat pulse is confined in the interval (0, 4) MHz.
As mentioned previously, the homogeneous solution of Eq. (33) yields dispersion curves for thermoelastic waves in a cylinder. These curves for different circumferential modes (n = 0, 1, 2, 3) Fig. 5b . Thermal modes of a silicon nitride cylinder for n = 0, up to frequency 12.0 MHz. Fig. 5a . Thermal modes of a silicon nitride cylinder for n = 0, up to frequency 2.5 MHz.
are computed and presented graphically in the form of 3-D plots shown in Figs. 4a and 4b . It is found that the elastic modes are not affected significantly by the thermal effects within the frequency range considered here. Dispersion curves for the thermal modes are also presented in three dimensional form for n = 0 in Figs. 5a and 5b. Fig. 5a shows the behavior of thermal branches at low frequency range, 0-2.5 MHz, and Fig. 5b is for higher range of frequency, 0-12 MHz. Also, non-dimensional complex wavenumbers corresponding to thermal modes at low and high frequencies are listed in Table 2 to indicate the attenuation associated with these modes. Thermal modes are found to have very high attenuation when compared with elastic modes and higher order thermal modes originate with high imaginary values of the wave number when x ⁄ = 0. It is found that the higher order thermal modes approach the first thermal mode as the frequency increases. This is consistent with the findings in Chitikireddy et al. (2010) for cylinders and in Al-Qahtani and Datta (2004) for plates. In the frequency range 0 and 4.0 MHz, where the dominant contribution of the laser pulse considered here is limited, primarily the longitudinal modes [L(0, 1), L(0, 2)] and the flexural modes [F(1, 1), F(2, 1), F(3, 1)] are excited. These modes are labeled by using the convention employed in Alleyne et al. (1998) . To calculate the response due to the source given by Eq. (43), we first replace g z (z) by the impulse function d(z). Once the response due to this source is found, the response due to any other function g z (z) can be evaluated by convolution (Eq. (47)). The series representation in Eq. (55) involves double summation: one over the number of axial modes M for a given circumferential mode n and the other over circumferential modes n. The first one is determined by the number of finite elements N e used to discretize the thickness of the cylinder. h 0 , appearing in Eq. (49) has been chosen as 0.01 radians.
To test the convergence of series at high frequency x ⁄ = 25.0 ($10 MHz), numerical results were calculated for different mesh sizes with N e taken as 15, 25 and 50 keeping jnj fixed at 30. Figs. 6a and 6b show the variation of displacement, temperature, stress, and radial heat flux through the thickness with the number N e . It is seen that convergence of displacements, temperature, and the stresses are achieved with 25 elements whereas, convergence of heat flux is achieved with 50 elements. As the accuracy is also related to number of circumferential modes, the response was calculated with different jnj values of 10, 20 and 30. It was observed that with N e = 50, numerical results converged with 30 circumferential modes at an observation point h = 0°and z = 100H. The heat flux distribution through the thickness of the cylinder shows sharp drops near the inner and outer surfaces of the cylinder (boundary layer like behavior) and more elements are needed near these surfaces to capture this behavior. It was also found that for frequency x ⁄ = 10.0 ($4 MHz), numerical results converged with 10 circumferential modes with N e = 25 at an observation point h = 0°and z = 100H. In the 50 element model, the thickness is divided into 20 layers (10 at the outer end and 10 at the inner), each of thickness 0.0015, and 30 layers of thickness 0.0023 mm in the middle whereas, in the 25 element model, the shell is divided into 25 uniform layers of thickness 0.004 mm each. Convergences of numerical results at low to moderate frequencies are discussed in detail by Bai et al. (2011) .
In this paper, the main emphasis is on the characteristics of longitudinal and flexural modes (in addition to the total response), as these modes have received a great deal of attention in nondestructive evaluation of materials (see Rose, 2004) . Group velocities of these modes were computed and are shown in Figs. 7a and 7b. Fig. 7a shows that at low frequencies L(0, 1) mode propagates at much higher group speed than at high frequencies. It is interesting to note the speed of L(0, 1) mode drops sharply to 0.16 km/s at frequency 1.63 MHz. This frequency is very close to that of the zero group speed of L(0, 2) mode, which is 1.65 MHz.
As seen in Figs. 7a and 7b , maximum group speeds of L(0, 1) and L(0, 2) modes are almost the same, which is 12.80 km/s, and are attained below 4 MHz. Furthermore, F(1, 1), F(2, 1), and F(3, 1) modes propagate with the same maximum group speed of 5.70 km/s, which is attained at around 12 MHz. Also, these modes are fairly dispersive below 4 MHz. Fig. 8a shows the frequency response spectrum of radial displacement of the outer surface of the cylinder associated with the L(0, 1) and L(0, 2) modes at h = 0°, z = 100H. Sharp resonances are seen at 1.63 and 1.65 MHz. Frequency resolution of 2.0 kHz was used to compute the frequency response spectra. Frequency spectra of flexural modes are presented in Fig. 8b . Sharp resonance peaks are found to occur for the F(2, ,1) and F(3, 1) near their cutoff frequency points.
Figs. 9a and 9b show the transient radial displacement responses of longitudinal modes at two observation locations, h = 0°, z = 100H, and h = 0°, z = 200H. As mentioned above, both longitudinal modes propagate with almost the same highest group speed of 12.80 km/s. So, the arrival times of these modes at the first and the second locations are about 0.78 ls and 1.56 ls, respectively. It is observed that L(0, 1) mode shows higher amplitudes than the L(0, 2) mode.
Transient displacement responses of flexural modes at the same observation points, mentioned above, are shown in Figs. 10a and 10b, respectively. Since these modes travel with almost the same group speeds of 5.70 km/s, they arrive at the first location in about 1.75 ls and the second location in about 3.50 ls. It is evident from
Figs. 9a, 9b, and 10a, 10b that the peak response is dominated by flexural modes when compared to that of longitudinal modes.
In order to see the difference between the response of the cylinder due to the Gaussian profile of g z (z) and that due to d(z), transient response of L(0, 1) mode due to the Gaussian profile is computed at observation location, h = 0°, z = 100H, and is compared with that due to d(z) in Fig. 11 . Comparison of these two wave forms does not show significant differences. Fig. 12 shows the dispersion curves for all the propagating modes within the frequency range 0 to 4.0 MHz. The time history response due to each propagating mode was computed and summed up to obtain the total response history shown in Fig. 13 . Clearly, the total response is dominated by the flexural waves.
As mentioned before, the focus of the present study has been on the characteristics of the guided waves modes in the cylinder due to the concentrated heating by a laser source. For this purpose, the cylinder is assumed to have no defects. Once the modes are calculated, they can be used to study reflection and transmission of these modes when there are localized defects like cracks, joints or weldments, corrosion pits, and others. References to such works can be found in Rattanawangcharoen et al. (1997) and Zhuang et al. (1997) (see also Datta and Shah, 2009, Section 6 .3).
Conclusion
Transient analysis of thermoelastic waves in an anisotropic circular cylindrical shell excited by a focused laser beam has been studied in this paper. The heat input is assumed to be that due to a pulsed laser beam focused at r = r o , h = 0, z = 0, with a radial dependence that decays with decreasing r, and is assumed to act on a small circular arc, 2r o h 0 , along the circumference. The pulse has a Gaussian distribution in the axial direction. The solution can then be used for more general dependence on z and h. Pulsed laser heating generates thermal waves as well as (primarily) elastic waves. The former are strongly attenuated as they propagate along the cylinder whereas, the latter have very small attenuation and are weakly dependent on the temperature. Thus, the laser generated elastic waves provide an efficient means of ultrasonic material characterization. They can also be used for ultrasonic NDE of defects in the structure. In this paper, attention has been focused on the frequency and time-dependent characteristics of the guided elastic modes of propagation.
The dispersion curves and transient wave forms of propagating longitudinal and flexural modes in a silicon nitride (Si 3 N 4 ) tube are computed numerically. Longitudinal modes travel faster than the flexural modes, the latter having larger amplitudes than the former. The transient wave forms presented here are for dominant propagating modes and the total response is found by summation of all the propagating modes in the frequency range of the pulse. It is found that the response is dominated by the flexural modes. The semi-analytical finite element (SAFE) method that has been used here can also be used for other anisotropic materials and for different thicknesses of the cylinders. It also can be used to calculate the transient displacement response at multiple locations on the cylinder. The results can be used along with experiments to characterize the anisotropic material properties. 
